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I propose that a dopant charge singlet bonding state may arise from the hybridization of molecular orbitals
in a cluster containing 13 Cu atoms in the CuO2 plane of the superconducting cuprates. This singlet state forms
a preformed pair with low binding energy that is spatially bounded and weakly interacting, and that can
undergo Bose-Einstein condensation. I show that this model is able to account, in a quantitative and natural
way, for many of the thermodynamic and electronic characteristics of the superconducting cuprates, including
many of the key experimental angle-resolved photoemission spectroscopy, muon spin-relaxation, and micro-
wave results on the temperature and doping dependencies of both the superfluid density and the pairing
strengths ~superconducting gap, leading-edge midpoint, and pseudogap! in these high-temperature supercon-
ductors.
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13 CLUSTER AND THE SINGLET STATE
Since the discovery of high-temperature cuprate super-
conductors by Bednorz and Muller in 1986,1 there has been a
great deal of experimental and theoretical work to explore
and explain the phenomenon of high-temperature supercon-
ductivity. The wealth of experimental data obtained over the
past 16 years has provided a comprehensive catalog of the
properties of this new class of superconductors. It has, how-
ever, been particularly challenging to develop a theory of
high-temperature superconductivity that can account for all
of the various experimental observations, although many ap-
proaches have been tried. In spite of considerable progress, a
complete understanding of high-temperature superconductiv-
ity still remains elusive.
Superconductivity in the cuprates is intimately related to
the presence of dopant charge ~electrons or holes! in the
CuO2 planes or layers. A Cu atom in a CuO2 plane is co-
valently bonded to four O atoms in the plane, and the highest
filled molecular orbital of this (CuO4)26 cluster is the anti-
bonding s
x22y2
* 5dx22y2 7psx6psy orbital. In the un-
doped tetragonal cuprates, the crystal field and strong on-site
Coulomb correlation splits the half filled s
x22y2
* band into an
empty Hubbard conduction band primarily of Cu 3d charac-
ter and a filled valence band primarily of O 2p character
separated by a charge-transfer gap of 1–2 eV. In Fig. 1, we
depict a central Cu atom, A, covalently bonded through O
atoms to its four nearest Cu neighbors, B1 , B2 , B3 , and B4
all at a distance a, the lattice constant in the plane. We also
show the second-nearest Cu neighbors, C1 , C2 , C3 , and C4
that are all at a distance A2a . We note that the phases or
symmetries of the s
x22y2
* molecular orbitals at the B sites are
all the same but opposite to that at site A, while the C site
orbitals have the same symmetry as site A. In Fig. 2, we
expand on the number of Cu sites displayed but rather than
draw all of the antibonding orbitals we simply indicate the
symmetry of the orbitals at various Cu sites with a ~1! or
~2!.
There have been a number of molecular-orbital and band-
structure treatments of dopant charges in the CuO2 planar0163-1829/2003/67~18!/184514~11!/$20.00 67 1845structure. These include the single-band Hubbard model
where only charges in the Cu d orbitals are considered,2 and
the two-band t-J models that include the O 2p orbitals as
well.3–5 The models that appear to best agree with angle-
resolved photoemission spectroscopy ~ARPES! data are
t-t8-t9-J models where long-range charge hopping, up to
third-nearest neighbors, for Cu-O and O-O are considered.6,7
We propose a similar t-t8-t9-J treatment where we consider
direct long-range Cu-Cu hopping between Cu atoms. In de-
termining the site-hopping matrix element t for charge hop-
ping between a central Cu site ~A! and nearest-neighbor ~B!,
next-nearest neighbor ~C!, and third-nearest neighbor ~D! Cu
sites, we assume that distance, orbital orientation, and orbital
symmetry all play important roles. Thus we see from Fig. 2
that A-B interactions have favorable distance a, favorable
orbital orientation, but unfavorable symmetry; A-C interac-
tions have less favorable distance A2a , highly unfavorable
orbital orientation ~the sites being on a diagonal while the
orbitals are aligned along x and y!, but favorable symmetry;
while the third-nearest neighbor A-D interactions have unfa-
vorable distance 2a , but favorable orientation, and favorable
symmetry. Interactions with Cu sites beyond the third-nearest
D neighbors are all much reduced because of unfavorable
orientation and symmetry as well as increasing distance.
Combining the effects of distance, orbital orientation, and
symmetry it is reasonable to assume that A-B, A-C, and A-D
exchange integrals are all comparable but considerably
greater than exchange integrals beyond the D neighbors.
Thus the primary dopant charge interaction cluster consists
of the central Cu, A, the four nearest Cu B neighbors, the
four second-nearest Cu C neighbors, and the four third-
nearest Cu D neighbors. This then constitutes a fundamental
interaction cluster of 13 Cu atoms and 26 O atoms, which we
designate as the (Cu)13 cluster.
In this t-t8-t9-J model, dopant interactions between the
13 Cu sites in the (Cu)13 cluster can result in a hybridization
of the 13 dopant antibonding s
x22y2
* molecular orbitals into
13 dopant cluster orbitals, which can be considered to con-
stitute a miniature impurity band located near the top of the
undoped valence band for p doping and near the bottom of©2003 The American Physical Society14-1
A. ROSENCWAIG PHYSICAL REVIEW B 67, 184514 ~2003!FIG. 1. Schematic representation of the square-planar CuO2 layer showing a central Cu atom A, the four B nearest neighbors, and the four
C next-nearest neighbors, together with the in-between O atoms. The Cu dx22y2 and O 2ps atomic orbitals making up the antibonding
s
x22y2
* molecular orbitals are shown, with the wave-function phase indicated.the undoped conduction band for n doping.8 By hybridizing
the s
x22y2
* orbitals, we include O 2p as well as Cu 3d or-
bitals in the charge hopping process. Antiferromagnetic ex-
change interactions between the dopant charge and the va-
lence electron on the Cu sites will make singly occupied and
triplet cluster states more energetic than singlet states be-
cause of spin flipping as the charge moves from site to site
within the cluster. The singlet states, which need not undergo
spin flipping, are thus the lowest-energy states. These singlet
states are formed from two dopant charges and thus are not
Zhang-Rice singlets3 that are formed from one dopant charge
with opposite spin to a local Cu spin. The complete energy-
level diagram for the dopant cluster orbitals must of course
be developed from a full molecular-orbital treatment. How-
ever, we can, with no loss of generality, assume for simplic-
ity that the 13 singlet cluster orbitals are spaced evenly apart
by an energy d, as depicted by the nn states in Fig. 3. The six18451lower states are bonding states, the center is a nonbonding
state, and the upper six states are antibonding states. We
propose that the lowest-energy singlet (c0)2 state will have a
primarily dx22y2 symmetry since all the constituent sx22y2*
molecular orbitals have this symmetry component and
the psx and psy orbitals will average out. The symmetry
of the energy gap d will also be dx22y2. All six of the
bonding singlet states are spatially bounded and thus have a
fair amount of phase coherence. However, to qualify as
bosonic quasiparticles for purposes of superconductivity, a
singlet state must retain its coherence during transport, i.e.,
during the hopping process between clusters. We will assume
that only the ground (c0)2 singlet state retains enough phase
coherence during transport to qualify as a bosonic
quasiparticle, or preformed pair, that can participate in
superconductivity.
This qualitative treatment to obtain a bonding singlet state4-2
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interaction cluster is much larger, consisting of 13 Cu atoms,
and we assume direct Cu-Cu charge hopping up to third-
nearest neighbors. Secondly, we propose that when the elec-
trostatic potential from the dopant ions is included in the
crystal Hamiltonian, the (c0)2 singlet state will be spatially
FIG. 2. Schematic representation of a larger section of the CuO2
plane. The relative wave-function phases or symmetries of the
s
x22y2
* orbitals for various Cu sites are indicated by ~1! and ~2!.
FIG. 3. Hypothetical simplified energy-level diagram for the 13
dopant cluster orbitals formed from the hybridization of the 13
s
x22y2
* molecular orbitals in the (Cu)13 cluster. The lowest bonding
singlet orbital is designated by (c0)2 and its single-particle energy
is at 26d relative to the Fermi level EF , which is at the center
nonbonding orbital of the normal states nn . The superconducting
coherent quasiparticle state cs is located at 212d.18451bounded to dimensions comparable to the size of the (Cu)13
cluster. Furthermore, the singlet state will interact only
weakly with other singlet states because the potential from
the dopant ions will effectively screen the local (c0)2 charge
pair from the Coulomb repulsion of charge pairs from other
clusters. The relatively weak interaction between the singlet
charge pairs will consist of some residual Coulomb repulsion
and a site-hopping interaction when the outer Cu atoms from
two clusters are within a distance l apart where a<l<2a .
For simplicity we will assume that l’1.5a . This then puts
the interaction distance between two singlet (c0)2 states at
d54a1l’5.5a . As we add more clusters and assemble the
lattice, the singlet state is delocalized a little and its wave
function reaches a diameter d because of the site-hopping
interactions between adjacent clusters. However, it still re-
mains spatially bounded and does not broaden out into a
wide band.
The singlet (c0)2 state is a hole or electron pair and rep-
resents a charged bosonic quasiparticle, or preformed pair,
with a diameter of ’5.5a or ’20 Å since a in the cuprates is
typically ’3.8–3.9Å. Because of the screening potential of
the dopant ions, these charge pairs can move through the
lattice as preformed pairs that are weakly interacting. In ad-
dition, as we shall see later, these charge pairs have densities
that are temperature dependent, and have low binding ener-
gies and thus are not hard-core bosons. These characteristics
of the (c0)2 charge pairs may possibly account for the non-
Fermi-liquid behavior of the normal state of the cuprates. Of
most importance, however, is that because of the spatially
bound nature of the (c0)2 state and the weak interactions
between these bosonic quasiparticles, they can, under the
right conditions, experience Bose-Einstein condensation and
thus generate a superconducting state. This is not the first
time that a Bose-Einstein condensation of preformed pairs
has been suggested as the underlying mechanism at work in
the high-temperature superconductors. Uemura et al. have
proposed this mechanism to account for the celebrated rela-
tionship between Tc and the muon spin-relaxation rate at T
→0.9,10 We return to the Uemura relationship later in the
paper.
II. BOSE-EINSTEIN CONDENSATION
The quasiparticles, represented by the (c0)2 singlet states,
are spatially bound weakly interacting bosons with an inter-
action distance d’5.5a . This situation lends itself to a Bose-
Einstein condensation ~BEC! condition.11 We will assume
that the three-dimensional BEC condition for a weakly inter-
acting system of bosons is applicable. Thus,
nbl
352.612, ~1!
where nb is the boson density, l is the wavelength ~as a
diameter! of the bosonic quasiparticle, and Eq. ~1! simply
states that BEC occurs when the average distance between
the bosons becomes somewhat less than the wavelength or
interaction distance. In conventional BEC the boson density
is independent of temperature T, while l is the thermal
wavelength and is dependent on T. Here, it is the opposite.4-3
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tially independent of T, but the boson density is dependent
on T, since it depends on the occupation probability of the
singlet (c0)2 state. This is a major element of the
(Cu)13-BEC model. The boson density nb is related to the
cluster density Nc by nb5Ncnbc , where nbc is the number of
bosons per cluster. If we define the primitive tetragonal cell
as having a volume (a3a3c) Å3, where a and c are the
tetragonal lattice constants of the primitive unit cell, and
since each primitive unit cell contains only one formula unit
and only one Cu atom per CuO2 plane, then Nc
51/(13a2c). If q is the average dopant charge per Cu atom
in a layer of the cluster, and if there are n CuO2 layers per
cluster, then the total charge in the cluster is m513nq . The
number of bosons in the cluster is then nbc
5 12 (13nq)P(d ,T), where P(d ,T) is the probability that a
charge is in the c0 state at temperature T and d is the energy
gap separating the c0 state from the next state. P(d ,T) is
then given by
P~d ,T !51/@11e2d/kT1e22d/kT1 . . . . . .1e212d/kT# . ~2!
Substituting l55.5a , we then find for the basic condition
for Bose-Einstein condensation in the cuprates
13qP~d ,T !50.408~c/a !/n . ~3!
Since 13qP(d ,T) represents the number of charges in the c0
state per CuO2 layer in a cluster, and since there is only one
c0 state per CuO2 layer in the cluster, a second condition is
13qP~d ,T !<2. ~4!
We have found that, in spite of the stringent BEC condi-
tions, all of the cuprates readily satisfy Eqs. ~3! and ~4! for
all experimental values of a, c, n, and q, and do so at very
reasonable values of P(d ,T). From Eq. ~3! we can make the
following general comments. For a constant d, a decreasing
P(d ,T) results in an increasing T5Tc . Thus, we expect Tc
to increase with decreasing (c/a) and increasing n. In addi-
tion, Tc will increase with increasing charge per Cu, q. How-
ever this will not continue indefinitely, since as we discuss
below, d is itself a decreasing function of q.
In this (Cu)13-BEC model, the superconducting charge
pair is simply the (c0)2 preformed pair condensed into the
superconducting state. The symmetry of the superconducting
state will thus be the same as that of the preformed (c0)2
state, i.e., dx22y2. This is in agreement with experiment. Fur-
thermore, since the interaction distance or wavelength l of
the preformed pair is independent of temperature, the extent
~as a radius! of the wave function of the superconducting pair
at T50, and hence the correlation length at T50, j0 , is
simply5 12 l52.75a’10 Å, also in agreement with experi-
ment. Therefore both the observed symmetry and the corre-
lation length of the superconducting pairs in the cuprates
follow naturally from the (Cu)13-BEC model.
III. Tc vs q CURVES
At low values of q, Eq. ~4! is always satisfied, and Eq. ~3!
will give the threshold dopant charge concentration per Cu18451atom at which BEC and thus superconductivity can occur. At
the threshold concentration, BEC occurs at very low tem-
peratures, and thus P(d ,T)’1, for any d. In addition, as
long as the dopant charge is mobile, we can have two-hole
clusters (m52) even for low average values of q. This is
possible because when two one-hole clusters come within an
interaction distance of each other, there will be a preferential
formation of one two-hole cluster because of the lower
energy of the singlet state. Since most cuprates have
mobile dopant charges at low q, we find for the thres-
hold value q050.408(c/a)/13n . The situation for n-doped
Nd22xCexCuO4 ~NCCO! is quite different in that the dopant
electron is not mobile at very low q concentrations since
NCCO is an insulator until q’0.14.12 Thus we expect only
one-electron clusters to form up to q5 113 ~0.077!. We thus
modify Eq. ~3! to take this into account and obtain for
NCCO 2(q020.077)50.408 (c/a)/13n .
We list in Table I the calculated and experimental ~mea-
sured or estimated! values of the threshold dopant value q0
for several representative cuprates. Experimental values of
q0 appear to exist only for La22xSrxCuO ~LSCO! ~Ref. 14!
and YBa2Cu3O72y ~Y123!,15 the others being estimates of
’0.05.15 We find excellent agreement between theory and
experiment for LSCO and Y123, and good to excellent
agreement with the estimated q0’s for the other cuprates.
There is no experimental value or estimate of the q0 for
NCCO since this compound becomes an abrupt supercon-
ductor at the insulator-metal transition at q’0.14. The theo-
retical value of 0.10 represents the effective threshold value.
We note that the calculated threshold levels q0 are deter-
mined solely by readily measurable quantities a, c, and n,
and are totally independent of the variable d.
To obtain the full dependence of the transition tempera-
ture Tc on dopant charge per in-plane Cu, q, we need to
TABLE I. Threshold doping for various cuprates. The lattice
constants a and c are for the primitive unit cell, which contains only
one formula unit and one Cu atom per layer, with n CuO2 layers in
the cell. The experimental threshold doping concentrations,
q0(exp), are from Refs. 14 and 15, and the theoretical threshold
doping concentrations, q0~th!, are calculated from the (Cu)13-BEC
model.
Cuprate a ~Å! c ~Å! n q0(exp) q0(th)
La22xSrxCuO4
~LSCO!
3.78 6.60 1 0.056 0.055
Nd22xCexCuO4
~NCCO!
3.94 6.05 1 ’0.10
YBa2Cu3O72y
~Y123!
3.85 11.65 2 0.05 0.047
Bi2Sr2CaCu2O82y
~Bi2212!
3.9 15.4 2 ’0.05 0.062
Bi2Sr2Ca2Cu3O102y
~Bi2223!
3.9 18.6 3 ’0.05 0.050
HgBa2CaCu2O72y
~Hg1212!
3.9 12.7 2 ’0.05 0.051
HgBa2Ca2Cu3O92y
~Hg1223!
3.9 15.9 3 ’0.05 0.0434-4
BOSE-EINSTEIN CONDENSATION MODEL FOR HIGH- . . . PHYSICAL REVIEW B 67, 184514 ~2003!TABLE II. Experimental and theoretical parameters for various cuprates. The maximum Tc
m is at the
optimal doping qm . The theoretical Tc
m
, qm , and energy gap dm are derived from the (Cu)13-BEC model.
The experimental values for Dm(exp) are from Ref. 25 and the estimated values are derived from Ref. 25; the
theoretical Dm(th)512dm .
Cuprate Tc
m(exp)
~K!
Tc
m(th)
~K!
qm(exp) qm(th) dm
~meV!
Dm(exp)
~meV!
Dm(th)512dm
~meV!
LSCO 36 36 ’0.15 0.154 1.35 ’20 ~estimated! 16.2
NCCO 22 22 0.14–0.15 ’0.14 0.80 ’12 ~estimated! 9.6
Y123 92 93 ’0.16 ’0.15 2.91 ’42 34.9
Bi2212 95 96 ’0.16 ’0.15 4.22 ’40 50.6
Bi2223 110 111 ’0.16 ’0.15 3.25 ’45 39.0
Hg1212 127 128 ’0.16 ’0.15 4.39 ’52 52.7
Hg1223 133 135 ’0.16 ’0.15 3.65 ’54 ~estimated! 43.8obtain values for the energy gap d and its dependence on q.
First let us determine what the model and the physics of the
problem say about this dependence. The energy gap d is
affected by local crystal fields and by the Coulomb repulsion
of local charges, and since both the dopant ion concentration
~local fields! and the local charge are proportional to q, d
must itself be a function of q. Due to strong electron corre-
lations and strong on-site Coulomb repulsion in the CuO2
planes, it is reasonable to assume that the probability for
forming a stable bound preformed pair in the (Cu)13 cluster
will decrease with increasing q. In the model this is equiva-
lent to assuming that d will decrease with q. It is also rea-
sonable to assume that, at some higher value of q, the num-
ber of charges in the cluster is large enough that the strong
Coulomb repulsion prevents the formation of stable bound
preformed pairs. This is equivalent in the model to setting
d→0 since then the cluster energy manifold will collapse
and we will be left with only nonbonding states. Thus, with-
out resorting to any fitting procedure, the physics and the
model tell us that d must decrease with q and that, at some
upper value of q, d→0. From an analysis of experimental Tc
vs q curves, we have found that d appears to simply decrease
linearly with q throughout the superconducting dopant range.
Thus it is possible to calculate d(q) from only two data
points on a Tc vs q experimental curve.
For the cuprates, Tc decreases and the superconductivity
completely disappears in the overdoped region beyond which
the material then behaves as a normal metal. This behavior is
readily explained by the (Cu)13-BEC model with the as-
sumption that, at some value of q, d→0 because of strong
Coulomb repulsion. In the model, the disappearance of su-
perconductivity in the overdoped region occurs when d→0,
since at this point, all 13 cluster states become degenerate
and nonbonding with the result that there can be no bound
bosonic quasiparticles at any temperature. The system can
therefore no longer support superconductivity. In addition,
since there are no longer any preformed pairs, the system
will now behave as a conventional Fermi-liquid metal. Thus
we can clearly identify the point on the Tc vs q curve in the
overdoped region where Tc→0 as the one where d→0 as
well. This then is a singular point on the Tc vs q curve and
we will use it as one of the fitting points to determine d(q).18451For the other point, we generally use q5 213 (m52), since at
this doping all of the clusters have exactly two charges.
We list in Table II the experimental and theoretical values
for the maximum Tc , Tc
m
, the dopant charge q at Tc
m
, qm ,
and the calculated values of the energy gap d at Tc
m
, dm , for
the representative cuprates. In Fig. 4 we show the theoretical
Tc vs q curves for both LSCO and NCCO together with
experimental data.12–14 We see very good agreement in both
cases. Of particular interest is that in LSCO the change of Tc
with q is very abrupt near the threshold doping level. How-
ever, this behavior appears to be supported by recent data
from Fujita et al.14 We find that the theoretical qm for
LSCO is ’0.15 ~’ 213!, in agreement with the experimental
value of 0.15. For NCCO, the theoretical curve, which peaks
at ’0.14, clearly shows why this material becomes abruptly
superconducting at the insulator-metal transition. When the
dopant charge becomes mobile at q’0.14, the system sud-
denly finds itself with a boson density well in excess of the
threshold value needed for BEC, since that threshold density
is reached, according to the theory, at q50.10, and so the
system abruptly becomes superconducting with a Tc appro-
FIG. 4. The transition temperature Tc vs the dopant charge per
in-plane Cu q for La22xSrxCuO4 ~LSCO! and Nd22xCexCuO4
~NCCO!. The experimental data are from Refs. 12–14. The n-doped
cuprate NCCO undergoes an insulator-metal transition at q’0.14,
at which point it becomes abruptly superconducting.4-5
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retical curve.
Most p-doped cuprates are assumed to have phase dia-
grams, and thus Tc vs q curves, similar to LSCO.15 Thus a
generic empirical relationship16 is generally assumed for
most cuprates, with Tc /Tc
m51282.6(q20.16)2. In Fig. 5
we show the Tc vs q curve obtained for Bi2212 from the
(Cu)13-BEC model together with the curve derived from the
empirical expression. Although there is, in general, good
agreement between the two curves there are some interesting
points of comparison. First, the theoretical curve has a
threshold q0 for Bi2212 of ’0.06 whereas the empirical
curve puts it at 0.05. Secondly, while the empirical curve is a
symmetric parabola, the theoretical curve is asymmetric, ris-
ing faster in the underdoped region and falling at the same
rate as the empirical curve in the overdoped region. As in
LSCO, the increase in Tc with q is especially abrupt near the
doping threshold level. Of particular interest is the fact that
the theoretical curve for Bi2212, and in fact for most cu-
prates, tends to peak at q’0.154 ~ 213!, which is quite close to
the empirical value of 0.16. This behavior is to be expected
from the (Cu)13-BEC model since a q of 213 represents the
situation in which all of the (Cu)13 clusters have exactly two
charges per CuO2 layer and thus one preformed pair and one
superconducting pair at T→0. Since there can be only one
preformed pair per layer in a cluster, this value of q repre-
sents the maximum possible superfluid density or stiffness at
T→0. As q increases beyond 213, there can be no further
increase in superfluid density at T→0, but there is a continu-
ing decrease in d and thus in the superconducting pairing
strength. Thus while Tc can increase with increasing q below
q5 213 , it must begin to decrease for q. 213 . The general
observation that superconducting cuprates tend to have bell-
shaped doping curves with maximum transition temperatures
in the region of q50.15– 0.16 is thus a natural consequence
of the (Cu)13-BEC model.
An obvious concern is the sensitivity of the theoretical Tc
vs q curve to the specific fitting protocol used to establish the
FIG. 5. The transition temperature Tc vs the dopant charge per
in-plane Cu q for Bi2Sr2CaCu2O82y ~Bi2212!. The curve ~solid
line! is derived from the empirical formula Tc /Tc
m51282.6(q
20.16)2 ~Ref. 16! with Tcm595 K. The theoretical curve is indi-
cated by a dashed line.18451d vs q curve and, in particular, whether the values of the key
parameters qm , dm , and Tc
m are predetermined by our selec-
tion of q5 213 as one of the two fitting points. Table III pre-
sents a sensitivity analysis for both LSCO and Bi2212 using
four different fitting protocols for each material. For LSCO
we have obtained the d vs q curve using for the two fitting
points (q1 ,q2), ~0.10, 0.26!, ~2/13, 0.26!, ~0.20, 0.26!, and
~0.10, 0.20!. For Bi2212 we have used as fitting points ~0.10,
0.27!, ~2/13, 0.27!, ~0.20, 0.27!, and ~0.10, 0.20!. We see
from Table III that qm is especially robust for both materials,
varying by less that 2% for the different fitting protocols,
thus verifying that the Tc vs q curve is indeed bell shaped
with a peak at qm’ 213 . The Tc
m and dm are a bit more sensi-
tive to the fitting protocol, although here again the variation
in Tc
m and dm is ,5% in LSCO and ,6% in Bi2212. We can
thus conclude that the values of qm , Tc
m
, and dm recorded in
Table II are indeed quite robust and the apparent good fits to
the data are not an artifact of the d vs q fitting process.
One of the key features of the superconducting cuprates is
the fact that within a homologous series of cuprates, such as
the 1-Tl, 2-Tl, 2-Bi, and 1-Hg series of compounds, Tc
m tends
to increase with the number n of CuO2 layers but then begins
to saturate, or in some cases decrease, with increasing n. This
behavior is readily explained by the (Cu)13-BEC model. The
lattice constant c in the primitive cell changes as n increases
within a given homologous series as cn5c11(n21)t ,
where t is the distance between adjacent CuO2 planes. Sub-
stituting this expression for c in Eq. ~3!, we have at optimal
doping
13qmP~dm ,Tc
m!50.408$@c11~n21 !t#/a%/n . ~5!
We can see that the right-hand side of Eq. ~5! will decrease
with increasing n. If both qm and dm remain constant, then
this decrease of the right-hand side will result in a decrease
in P(dm ,Tcm) and thus in an increase in Tcm . However as n
continues to increase, the decrease in the right-hand side
saturates toward a constant value of 0.408(t/a), and thus Tcm
will saturate toward a constant value as well. If, however, qm
or dm decreases with increasing n, then Tc
m will reach a
maximum level and then begin to decrease as n continues to
TABLE III. A sensitivity analysis for the calculated qm , Tc
m
,
and dm as a function of fitting points (q1 , q2) used to obtain the
linear d vs q curve.
LSCO
(q1 , q2) ~0.10, 0.26! ~ 213, 0.26! ~0.20, 0.26! ~0.10, 0.20!
qm 0.148 0.150 0.150 0.149
Tc
m ~K! 36 36 35.5 36
dm ~meV! 1.44 1.41 1.41 1.42
Bi2212
(q1 , q2) ~0.10, 0.27! ~ 213, 0.27! ~0.20, 0.27! ~0.10, 0.20!
qm 0.153 0.154 0.154 0.153
Tc
m ~K! 90 95 96 92
dm ~meV! 4.00 4.20 4.26 4.084-6
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can decrease as n increases because the inner layers may get
less charge than the outer layers and the average dm can
decrease because of increased Coulomb repulsion or correla-
tion effects in the (Cu)13 cluster as the number of layers in
the cluster increases.
We have found that Eq. ~5! correctly predicts the Tcm for
several high-n compounds. Using the qm and dm for LSCO
and NCCO we have calculated the Tc
m for the n5‘ versions
of these compounds (Sr12xCax)12yCuO2 ~Ref. 17! and
Sr12xNdxCuO2 ,18 as 96 and 45 K, respectively, in good
agreement with the experimental values of 110 and 40 K,
respectively. Similarly, for the 1-Tl homologous series (a
53.9, cn59.71(n21)3.2 Å), using the qm and dm for the
n51 member of the series $Tc
m(n51)550 K%, we obtain
Tc
m586 (n52), 110 (n53), and 126 K (n54) while ex-
periment gives 80 (n52), 110 (n53), and 122 K (n54).19
The excellent agreement with experiment indicates that in
the 1-Tl series qm and dm do not change appreciably with
increasing n. The agreement is not quite as good for the 2-Tl,
2-Bi, and 1-Hg series, indicating that in these compounds,
qm and/or dm decrease with increasing n.
IV. SUPERFLUID DENSITY
The two principal ingredients of superconductivity are the
phase coherence and the pairing strength of the supercon-
ducting charge pair. The phase coherence is related to the
superfluid carrier density ns , and the pairing strength is re-
lated to the superconducting energy gap D. We discuss the
implications of the (Cu)13-BEC model on the superfluid den-
sity in this section and on the pairing strength in the next
section.
In the model, the superfluid density is directly propor-
tional to the dopant charge q. This is consistent with the
concept that the cuprates are doped Mott insulators. The su-
perfluid density ns is given by ns513nqB(T/Tc)/(13a2c),
where B(T/Tc) is a Bose condensation factor. Although the
cuprates are anisotropic with charge transport primarily
within the CuO2 layers, we use the homogeneous Bose con-
densation factor, B(T/Tc)5@12(T/Tc)3/2# ,11 since we do
have conductivity along the c axis in the normal state and
tunneling interactions between layers in the superconducting
state.
The superfluid density in the cuprates has been investi-
gated by measurements of the penetration depth lp by mi-
crowave and muon spin-relaxation ~mSR! techniques. In par-
ticular, the temperature dependence of ns(T)/ns(0) can be
obtained from these two methods by measurements of
lp
2(0)/lp2(T). For a given cuprate, ns varies as
13qB(T/Tc)5nsc , the number of carriers in the supercon-
ducting state in one layer of a (Cu)13 cluster. As long as q
< 213 , the underdoped and optimally doped regions, the tem-
perature dependence will be given by B(T/Tc). For q. 213 ,
the overdoped region, we need to keep in mind that nsc must
be <2. In Fig. 6 we show data for lp2(0)/lp2(T), which is
proportional to ns(T)/ns(0), obtained by microwave and
mSR measurements on optimally doped Y123 and Bi221218451samples,20–22 together with the Bose condensation factor
B(T/Tc). The agreement with the Bose condensation factor
is quite good up to T/Tc of ’0.4. The variance at higher T
may be the result of the anisotropy of the cuprates, or the
effects of fluctuations in the phase coherence that are particu-
larly large in the cuprates because of the small value of the
coherence length. Although the reasonable fit of
lp
2(0)/lp2(T) to the Bose-Einstein condensation factor
B(T/Tc) does not in itself substantiate the specific
(Cu)13-BEC model herein proposed, it does provide some
support for the role of a Bose-Einstein mechanism in the
cuprates.
The superconducting peak ~SCP! seen in angle-resolved
FIG. 6. Variation of superfluid density fraction ns(T)/ns(0)
with temperature. Experimental ratios of penetration depths
lp
2(0)/lp2(T), which are proportional to ns(T)/ns(0), for opti-
mally doped Y123 and Bi2212 from microwave and mSR measure-
ments are from Refs. 20–22. The Bose condensation factor
B(T/Tc)5@12(T/Tc)3/2# is represented by a dashed line.
FIG. 7. The theoretical number of carriers in the superconduct-
ing state per layer in the (Cu)13 cluster nsc at 14 K for Bi2212
~dashed line! vs the dopant charge per Cu q. The data is the relative
spectral weight of the superconducting peak ~SCP! in the ARPES
spectrum at 14 K from Ref. 24. The data has been shifted to
correspond to the appropriate model q values for the different
sample Tc’s .4-7
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with the superconducting density as well.23–25 In Fig. 7 we
show the relative change in the spectral weight of the SCP
feature, which is assumed to be proportional to the superfluid
density, as a function of q for Bi2212 samples at a tempera-
ture of 14 K.24 We also plot the predicted change in nsc
513qB(T/Tc), the number of superconducting carriers in a
CuO2 layer of the (Cu)13 cluster. The theoretical curve in-
creases rapidly from the threshold q0 value of ’0.06 and
then increases approximately linearly to the maximum value
of 2 at q’0.16. It then remains constant at 2 until q’0.25,
after which it drops rapidly to zero at q’0.26, where Tc
drops below the experimental temperature of 14 K. Note that
the theoretical curve in Fig. 7 is from the (Cu)13-BEC model
and thus the q scale is related to the model Tc vs q curve.
The original ARPES data is presented with a q scale derived
from the Presland empirical formula.16
We can see from Fig. 5 that, for the same value of Tc ,
there is in general a shift of between 0.005 and 0.01 in q
between the model curve and the empirical curve, with the
model q being lower than the empirical q for q.0.07. The
ARPES data in Fig. 7 has therefore been shifted so as to
place both theory and data on the same model q scale. As
seen in Fig. 7, the agreement between theory and experiment
is very good. A further test of the (Cu)13-BEC model would
be to study the drop in nsc for q.0.25, which by our model
represents overdoped Bi2212 with Tc /Tc
m,0.33.
The (Cu)13-BEC model indicates that studies of ns(q) by
mSR or microwave measurements will be complicated by the
presence of normal carriers at T50 in the overdoped region.
For example, the muon spin-relaxation rate s will decrease
when normal carriers are present,26 and thus the rate should
not simply vary with ns(0) but rather with a weighted super-
fluid density, ns8(0), where ns8(0)5ns(0)$ns(0)/n(0)% with
n(0) being the total density of all carriers present at T50.
Keeping in mind that ns is proportional to nsc , we plot, in
Fig. 8~a!, nsc(0) and nsc8 (0), which are given by 13qB and
nsc(0)$13qB/13q%, respectively, for a generic cuprate with a
threshold q0 of ’0.06. At T50 the two quantities are iden-
tical linear functions of q between 0.06 and 0.154 ~ 213!, the
underdoped and optimally doped regions. In the overdoped
region q. 213 , nsc(0) remains constant at 2, while nsc8 (0)
decreases. This linear increase followed by a decrease in the
overdoped region has been observed in the mSR rate results
on Y123,25 indicating that the mSR signal is indeed affected
by the presence of the normal carriers. However, the peak in
Y123 is observed at an empirical q’0.19, which translates
to a model q’0.184, still a fairly long way from q50.154.
This, however, might be the result of the c-axis superconduc-
tivity that is present in Y123. A good test would be a sys-
tematic mSR vs q study on Bi2212.
Let us now examine the well-known Uemura relationship.
Uemura found that for a given cuprate there is a linear rela-
tionship between Tc and s, and thus between Tc and ns /m*
(m* is the effective mass! in the underdoped region, fol-
lowed by a saturation in the optimally doped region.9 In the
overdoped region there appears to be a restoration of the
linear relationship, but now s decreases with increasing18451doping.26 Since m* does not appear to change with doping,26
this decrease in s appears to be the result of an apparent
decrease in ns . In Fig. 8~b! we plot the ratio of Tc /nsc(0)
and Tc /nsc8 (0) for the generic cuprate with a Tcm of 100 K.
We see that Tc /nsc(0) is fairly constant in much of the un-
derdoped region, indicating a linear relationship between Tc
and nsc and therefore between Tc and ns /m* ~or s!. As q
approaches the optimally doped region, the ratio Tc /nsc be-
gins to decrease, indicating a saturation. In the overdoped
region, while Tc /nsc continues to decrease, Tc /nsc8 remains
fairly constant until q’0.22. Since, as we discussed above,
the spin-relaxation rate s should vary with the weighted su-
perfluid density nsc8 , rather than nsc , in the overdoped re-
gion, the linear relationship between Tc and s is restored but
s now decreases with increasing q. These results appear to
be fully consistent with the findings of Uemura.
The (Cu)13-BEC model thus appears to account for the
major characteristics of the superfluid density in the cuprates.
In particular, it agrees with the temperature and doping de-
pendencies observed in microwave, mSR, and ARPES stud-
FIG. 8. ~a! The theoretical number of carriers in the supercon-
ducting state per layer in the (Cu)13 cluster at 0 K, nsc(0), for a
generic cuprate ~solid line! vs the dopant charge per Cu, q. The
weighted number of superconducting carriers nsc8 5nsc(0)
3$nsc(0)/n(0)%, where n(0) represents the total number of carri-
ers in the layer per cluster at 0 K, is designated by a dashed line. ~b!
The calculated ratio Tc /nsc(0) ~solid line! and Tc /nsc8 (0) ~dashed
line! for a generic cuprate with a Tc
m5100 K. Regions of approxi-
mately constant ratio indicate regions where there is an approximate
linear relationship between Tc and nsc or nsc8 and thus between Tc
and the mSR rate s.4-8
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principle of a (Cu)13 cluster with one singlet superconduct-
ing state, and thus a maximum of two superconducting car-
riers per layer, and with a temperature dependence that is
consistent with a Bose condensation factor. In addition, the
model appears able to reproduce the Uemura Tc vs s results
for the cuprates.
V. PAIRING STRENGTHS
A. Normal state
In BCS superconductivity there are no preformed pairs
and the bosonic Cooper pairs do not exist for T.Tc . Instead
the formation of Cooper pairs and the condensation to the
superconducting state occur simultaneously at T5Tc . In the
(Cu)13-BEC model we have bosonic preformed pairs at T
.Tc with a density that is a Boltzmann function of tempera-
ture in accordance with the occupation probability of the
(c0)2 ground state of the (Cu)13 cluster orbital energy mani-
fold. The energy manifold, depicted in Fig. 3, has the Fermi
level EF set at the center nonbonding orbital. The single-
particle energy of the (c0)2 singlet state is at 26d. The other
nn normal states of the (Cu)13 manifold, c j ( j51,2...12),
are separated by an energy d from each other, and thus are at
energies 2(6d2 j). In the normal state, the number of
charges in state c0 per layer in a single (Cu)13 cluster is
given by nc(c0)513qP(d ,T) and the number in state c j by
nc(c j)5nc(c0)e2 jd/kT. An anomalous characteristic of the
normal state of the superconducting cuprates is the presence
of a pseudogap. Experimentally the pseudogap is defined as
the distance from EF to the leading-edge midpoint ~LEM! of
the ARPES spectrum when T.Tc . Since the (c0)2 singlet
state is at energy 26d relative to the Fermi energy, this then
represents a pseudogap at T.Tc in the density of states near
EF . Since the various states c j within the pseudogap are
thermally populated, the pseudogap, as measured by the
LEM, should decrease with increasing T, in agreement with
observation.
Since the (c0)2 singlet state at T.Tc is not a condensed
coherent state, the pairing strength of the preformed pair is
simply the energy d required to promote one of the charges
in the (c0)2 state into the next higher-energy state. Thus the
preformed pairs are weakly bonded pairs with a pairing en-
ergy in the 1–4-meV range and are not hard-core bosons. It
is interesting to note that the pairing strengths of the normal-
state preformed pairs in the cuprates are comparable to the
pairing strengths of the superconducting Cooper pairs in the
BCS superconductors. The (Cu)13-BEC model may thus pro-
vide a basis for understanding the unusual normal properties
of the superconducting cuprates. In the normal state the sin-
glet charge pairs exist as preformed pairs with wave func-
tions that extend ’20 Å, and that are confined primarily to
the CuO2 planes. The pairs have low binding energies, are
weakly interacting, and have a density that is temperature
dependent. The low binding energy of the charge pairs indi-
cates that the preformed pairs will fluctuate, i.e., readily
break up and reform under phonon interactions. The unusual
normal properties of the superconducting cuprates, including18451their non-Fermi-liquid behavior, may be the result of the
presence of these fluctuating preformed pairs. As discussed
earlier, the theory further predicts that when d goes to zero in
the overdoped region, these preformed pairs will disappear
and the cuprates will then behave as more conventional
Fermi-liquid metals.
B. Superconducting state
We have assumed that only the singlet (c0)2 states form
bosonic pairs that can undergo Bose-Einstein condensation
into coherent pairs. Given that the correlation length is only
’2.75a , there is essentially only one coherent pair within
the correlation length, although there is some overlap be-
tween pairs. The superconducting pair thus acts as a single
coherent quasiparticle cs , located at E’212d , as shown in
Fig. 3 ~actually this energy might be somewhat less than 12d
because of electron correlation or Coulomb repulsion ef-
fects!. It is this coherent quasiparticle that gives rise to the
superconducting peak ~SCP! in the ARPES spectra, and
which, according to the model, will have a superconducting
gap D’12d . The LEM is derived from the spectral envelope
of all states near the Fermi edge. At T50, this envelope is set
primarily by the SCP. At higher temperatures, the envelope
includes the normal states as well. The superconducting gap
D, the LEM, and the pseudogap all arise from a common
origin, the preformed pair, and all ;d. Therefore all three
will have the same dx22y2 symmetry, in agreement with
experiment.
Since d is not a function of T but is a linearly decreasing
function of q, we expect that D will have the exact same
dependencies. This is indeed in agreement with ARPES data
that show that the SCP energy D does not change with T but
does decrease linearly with q.24 We list in Table II the calcu-
lated values for D at optimal doping, Dm512dm , for the
representative cuprates along with measured or estimated
values.25 The agreement is quite good. Besides providing
reasonable agreement on the absolute magnitudes, the
(Cu)13-BEC model also accounts for the observed linear de-
crease in the superconducting gap, the leading-edge mid-
point, and the pseudogap with increased doping since all
three pairing strengths ~D, LEM, and pseudogap! are propor-
tional to d and d itself decreases linearly with q.
Experiments on the dependence of the pairing strengths
on temperature indicate that the superconducting gap D and
the LEM depend on T differently in underdoped and opti-
mally doped samples than in overdoped samples.27–30 In un-
derdoped and optimally doped samples, D is essentially in-
dependent of T ~up to Tc), while the LEM decreases slowly
with T between 0 and Tc and than more rapidly for T.Tc .
However, for these materials, the LEM does not approach 0
until T@Tc , thus leading to the presence of a T.Tc
pseudogap. In overdoped samples, D shows some small ap-
parent decrease with T as T→Tc , and the LEM in these
samples decreases rapidly with T for T.0, reaching zero
near Tc . Thus overdoped samples do not exhibit a T.Tc
pseudogap.
To understand the temperature dependencies of the pair-
ing strengths as predicted by the (Cu)13-BEC model we il-4-9
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states with temperature. In Fig. 9~a! we consider an under-
doped sample, while Fig. 9~b! deals with an overdoped
sample. In the underdoped sample at T/Tc50, all of the
spectral weight resides in the SCP and there are no normal
carriers. At T/Tc50.75, the SCP has decreased and the
lowest-lying normal states begin to be populated. For T
.Tc , the SCP disappears but still only a few of the normal
states are populated because of the relatively large value of
d. Figure 9~a! shows that the superconducting gap D will be
independent of T and exist up to Tc . On the other hand, the
LEM will show some decrease with T between 0 and Tc ,
and then a more rapid decrease for T.Tc . However, for the
underdoped sample it is clear that the LEM will not go to
zero until T@Tc . The value of the LEM for T.Tc defines
the pseudogap, and as we can see in Fig. 9~a!, underdoped
and optimally doped samples will exhibit a T.Tc pseudogap
which will decrease with increasing temperature.
Overdoped samples show somewhat different behavior as
illustrated in Fig. 9~b!. First, since d is considerably smaller
for overdoped samples, D is proportionately smaller as well.
Also, the spectral weight of the SCP is greater than in the
underdoped sample since q is larger. In addition, there are
now 13(q2 213 ) normal carriers per cluster layer present in
the c0 state at T50. As T is increased, the normal states
FIG. 9. ~a! Illustrative depiction of the theoretical temperature
evolution of the electronic states in an underdoped cuprate. The
superconducting gap D is at 212d, the position of the supercon-
ducting coherent quasiparticle peak cs . The leading-edge midpoint
~LEM! decreases with T as the normal states become thermally
populated, but does not go to zero until T@Tc , thus producing a
T.Tc pseudogap. ~b! The same for an overdoped sample. The
overdoped sample has a bigger superconducting peak at 212d, but
d is much smaller than for the underdoped sample. The LEM de-
creases much more rapidly and reaches zero at T’Tc , thus produc-
ing no T.Tc pseudogap.184514become populated at a faster rate than in the underdoped case
because of the decreased value of d and the presence of
normal carriers in c0 at T50. The closer proximity of the cs
and c0 states and the presence of a considerable number of
normal carriers at low temperatures in the overdoped
samples can lead to some apparent decrease in the measured
position of D as T→Tc . More importantly, the LEM de-
creases much more rapidly and reaches zero in this example
near Tc . This accounts for the apparent absence of a T
.Tc pseudogap in overdoped samples.
While detailed comparisons to actual ARPES spectra will
require incorporation into the simulation of the valence elec-
tron background, the various linewidths, and other spectral
features, such as the high-energy pseudogap feature, the
(Cu)13-BEC model appears to be consistent with the key
results related to the temperature dependence of the super-
conducting peak, superconducting gap, leading-edge mid-
point and pseudogap obtained from ARPES spectra. It is par-
ticularly gratifying that the same magnitudes and dopant
dependence of the preformed pair energy d that we find best
agree with the key thermodynamic property, the Tc vs q
curve, also agree with the key electronic properties of the
superconducting cuprates.
VI. CONCLUSIONS
Let us summarize the various characteristics of high-
temperature superconductors for which the (Cu)13-BEC
model is able to account. The model provides a basis for
understanding the normal-state properties in these materials
through the presence of fluctuating preformed pairs. The
dominance of the CuO2 planes and thus the anisotropy of the
cuprates are fundamental aspects of the theory. The model
provides a superconducting pair with the right wave-function
symmetry dx22y2 and the right correlation length ’10 Å. It
accounts for the unusually high Tc’s of the cuprates through
a BEC mechanism in systems that have relatively high su-
perfluid densities and pairing strengths. The model correctly
predicts that the superconductivity threshold doping levels
should be at ’0.05 charges per in-plane Cu. It reproduces
the bell-shaped Tc doping curves for the cuprates and ac-
counts for them through the effects of an increasing and then
saturating superfluid density coupled with a decreasing pair-
ing strength. The model provides natural explanations for
why the maximum Tc’s for the superconducting cuprates
tend to occur near dopant concentrations of 0.15–0.16
charges per in-plane Cu, and why the superconductivity dis-
appears, and a Fermi-liquid state emerges, in the overdoped
region. It also explains why maximum Tc’s first increase and
then saturate, or decrease, as the number of CuO2 planes in a
unit cell increases, and provides good agreement with data
for several high-n materials. It is also able to reproduce the
Uemura results on the Tc dependence on the mSR rate for the
cuprates. The model is able to account for the magnitudes
and symmetries of the superconducting gaps, leading-edge
midpoints, and the pseudogaps. Perhaps, most importantly,
the model is also able to account for many of the key experi-
mental ARPES, mSR, and microwave results on the doping
and temperature dependencies of both the superfluid density-10
BOSE-EINSTEIN CONDENSATION MODEL FOR HIGH- . . . PHYSICAL REVIEW B 67, 184514 ~2003!and the pairing strengths ~superconducting gap, leading-edge
midpoint, and pseudogap! in the cuprates.
The (Cu)13-BEC model thus appears to be quite promis-
ing, has a number of very attractive features, and is able to
account quantitatively for many of the thermodynamic and
electronic characteristics of the superconducting cuprates.
Although this model was specifically developed for the cu-
prates, the general concepts of this model can be extended to
other materials, including nonlayered systems. It may well
be possible that other compounds can form hybridized pre-
formed pairs that are spatially bound, have relatively low
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